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A longitudinal study investigated children; s ability 
to infer, from initial and final' relative numerpsity information, 
which of four transformations of a stimulus array had occurred: 
addition, subtraction, exj^ansion, oc contraction, "It was expected 
that performance would reflect a sequence ol three levels in 
understanding the effects of addition and subtraction; primitive, 
qualivtative, and quantitative. A group of ^8 children from 4.5 to 8 
years of age participated. All wer* twice given the same battery of 
tasks, with a. 1-year interval between assessments. The inference task 
consisted of parallel sets of primitive, qualitative, and 
quantitative trials for small number items (from 2 through 4) aad 
large number items (from 7 thr'ough-9) . On primitive inference trials 
two equ^l linear arrays of Squares were presented, qualitative 
inference trials the arrays differed by 1, and on quantitative 
inference trials the arrays differed by 2. Arrays were presented, 
described, transformed, and erased; the child was ifeqtiir.ed to decide 
which transformation had! been performed. In addition/subtraction 
trials, children were given relat^ive numerosity information, saw a 
transformation, and made a judgment about the fipal relative 
numerosity* At the beginning and end of the battery of tasTcs^ 
children were given number conservation tasks and scored as passing 
if they gave adequate explanations for correct judgments on large 
number trials. All tasks were presented on a color monitor attached 
to an Apple II computer. The systematic relationships found in this 
study suggest that it may be useful to focus on identifying general 
developmental changes occuring across related areas. (RH) 
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The research p^sented here concerns children's reasoning' about addition 
and subtraction. It is focused on reasoning that develops without formal 

:/■''■ - . • . : ■ ' • 

,^^uition an.cf on reasoning done without the aid of the; counting estimator. .Our 
previous work with preschoolers and first and second gra^^rs has supported the 
existence of a three-level sequence in understanding the effects of addition 
and subtraction (Blevins, Mace, Cooper, Starkey, & Lfeitner, 1?81; Cooper, 

j' CarapbeJ.1, & Blevins, 1982; Cooper, Starkey, Blevins, Got}i, & Leitner, 197,8). 
the levels are called primitive, qualitative, and quantitative anfl are dia- 
grammed in Table 1. the primitive level childre believe that adding makes' 
more and subtracting makes less. At the qualitative level, they distinguish 
. between more than befiore and more than another group 'of objects; liowever, ^hey 

/ do not quantify the difference between the two groups. tliere are two 

i^nequal groups of objects (with a difference of £ 3) they predict that adding 
to the smaller one (or subtracting from the greater) will make the groups equal 
At the quantitative level, children can quantify the difference between the 
twc/*arrays. * 

Recently we completed a two year longitudinal -study of early mathema- 
tical skills in which we investigated children's ability to infer, from 
initial and final relative numerosity information, whicl^ of four transfor- 

I 

mations had occurred; addition, subtraction, expansion, or contraction. The 
ability to make such inferences involves applying what is known about both 
addition and subtraction and number conservation. In o^der •to make the 
inference, children have to be able to uuder&taiid the difference between ' . 

number changing and number maintaihing transformations and they have to know 

> . * ^ 

exactly what effect each transfon^ation has. Since .this inference ability , 

* \ * 

ehould be influenced by an increasing ability to quantify, we expected 
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performance to reflect the thre^ level* sequence already outlined. 

Sixty-eight children, from 4^ to 8 years of age, participated in the 
stydy. All were- given the same battery of tasks twice, with a one year 
interval between assessments. The tasks included several in addition to 
the ii^ference, number conservation and addition/subtraction tasks, but 
only data concerning the inference task in relation to addition/subtraction f 
and conservation will be reported. All the tasks were presented oit* a color 
monitor .which was attached to an Apple II computer. , ^ 

Inference task . The .inference task consisted ot parallel sets of primi'- 
tiye, qualitative, and quantitative trials for small number (2-4) and large jiumber 
(7-9). Since children can subitize 9|pall numbers, they can represent the infor- 
mation about those trials in terms of absolute number. . On each trial, two 

y 

linear arrays of squares were presented. On primitive trials, the 2 arrays 
were equal, on qualitative trials the arrays differed by one, and on quant i- 
tdtive trials the. arrays differed by 2. The^^trays were lined up in spatial 
oi^e- to-one correspondence, and were, separated by a horizontal vhite line. The 

. . k ■ ^ 

experimenter used one-to-one correspondence cues to demonstrat'e the relative 
numerosity of th6 arrays. If one of thfe airraj^s had mox^^ squares, the experi- 
menter stated how much more it had.' Then b&th arrays ^w^e screened with large ' 
colored rectangles. The experimenter stated that one of the arrays would be changed 
and indicated which one. The transformation could .Ve one of four: expand, \ 
contract, add 1, or subtract 1. Finally, the arxfays were unscreened and the, 
experimenter described their final relative numerosity, including how much more 
when trelevent.* The experimenter reminded the-child—whicliL^rray had been Jtrans^ 
■ formed, and restated the initial relative numerosity.- The child had to dep'ide 
which .transformation had been performed. All children were asked not to count. 



: Because the inference task is complex ^nd its memory demands are 
• ^ * 

extensive, care was taken that all of thfe' children knew the four tranSfor- ' 
mations. 3efore starting the small-^numter assessment, children were shown 
four practice trials in which the transformations were not screened. The* 
experimenter named the transformations and made su^re the child could recite 
'all 4 before* going on to the small-number assessment, / 
As the inference t^^sk <ras piloted in the firsts year of the study, 

. - > • * / 

only data from the second year will he reported. Children wer? classified 
as primitive, qualitative, or quantitative for small number according to . 
the highest level- for which they answered 3 out of 4' trials correctly. If 
their response did not me^t this criterion, no level was assigned. Similarly, 
each child was classified as primitiye, qualitative, or 'quantitative for large 
'number. Most children were classified as belonging to one of our levels (see 
Table 2). As expecte^d,. children did better on ^rnall number problems than 

% ' J ■ 

large number problenjs the majority of children were classified at the 
quantitative level for^ small number. Reaching* the quantitative level for 
.small number appears to be a« prerequisite for being .quantitative for large 
number since most of the children who were quantitative for large number were 
quantitative for small number (binomiaL test, £< .005), but, children who 
were quantitative for small number were represented at alj. the levels for 
large number. 

Most nursery school children "^ere at the priiydtive level c^r no level 

for large riumber. Kindergarten and first, grade children were distributed 

(f » ' 

♦ 

across all levels. Only in second grade were children predotninantly quanti- 
t^itive for large number. Those who were scored as "no level" did not make 
random errors. They failed to distinguish number transformations from length 



trahs format ions, confusing addition with expar^ion and subtraction with f 

* • 2 ' ^ I 

contraction (x = ;L6.44, df = i, £ < y)!). An analysis of the errors of 

i 

all the children revealed* that the majority of exror§ involved the same 

2 ^ . * 

type of confusion (x = 20.02, 'df = i; £ < .01). • C 

Addition/Subtraction and Inference . The addition/subtraction assessment 
consisted of primitive, qualitative, and quantitative trials which are outlined 
in Table 1. Children were given ^initial relative numerosity information which 
meant that they were told whether both arrays had the same number, or how ^ny 
more the larger array had. Then they saw a transformation, and were asked to 
make a judgment about the final relative numerosity. Only large number 
add it ion/ sub tract ion will be considered as the children performed almost 
perfectly on small number^ addition/subtraction. If children^ were classified 
as being ,large quantitative on addition/subtraction they were likely to be 
classified as passing small quantitative inferences. When inference perfor- 
mance foV large number was compared to add it iop/sub tract ion performance for 

large dumber children were nearly always at the same level or lower for inference 

2 

than for addition/su))traction (x » 28.27, df = 1, £ < .Ol). There appeared 
to be a lag of a year or more between attaining the quantitative level on 
the addition/subtraction task and reaching the sainef level on the l^rge number 
Inference task. Children can predict final relative numerosity, knowing the 



addition/subtraction transformation and the initial relative numerosity , well 
before they can use initial and final relative numerosity to inf^r the exact 
transformation. • , 

In both the inference task and the addition/isubtraction cask, small 
number trials were easier, than largc^-n^^ei: trial3. This, could be due to the 
fact that chlldi^en can form* a representatibn ^ased on absolute numerosity iik-^ 



the small number trials. One dilference between the infererfce task and the 

addition/subtraction task is that in tme addition/subtjaction task explicit 

knowledge of the numerosity is sufficient to solve #he task, but an algebraic ^ 

understanding is involved in solving the inference' tasK* This same distinction 

may account for the more general finding that ^inall number tasks are easier 

than large number tasks. Cettainly an explicit knowledge of numerosity can be . 

us^d to solve large number addition/subtraction tasks, -but children were asked 

not to count. In this case, an algebraic represantajtion is^ needed to solve 

the task. / ^ ' 

• • • ** 

The same levels of understanding addyLtion/su^traction characterize perfor- 
mance on the inference task' and, the add it ion/ sub traction task. One commonali^ty 

between the tasks is tfiat they both involved reasoning about quantity, so the 

*■ 

development"* of quantification skills may underlie the similar developmental 
patterns. Research by Goth (1981) indicates that the "same 3 levels^af under- 
standing are found in children's reasoning about quantities of length and * 
amount. This suggests that the development of quantification skills as 
identified by Our mo^del may have general relevance to children's .reasoning 
* about quantity. 

Conservation and Inference . Children were given two number conservation 
assessments, one at the beginning of the battery of tasks and one at the end. 
In tl)e number conservation task, children were asked f-or judgments and explana- 
tions and they were scored as passing if they gave adequate explanations for 
cortect judgments on large number trials. Passing qualitative or quantitative 
inference for large number was associated with passing conservation (X^ = 13!S&, 
df « 1, £ < .01), although so^jrl^conservei^s did poorly on large number inference. 
Nonconservers scored at the primitive level or" no level for large number. 



indicating their failure to distinguish clearly between number and length 
transformations.'' Children need to conserve (i.e., understand that addition/ 

V 

subtraction c\ianges number and that length transfonrations *do not) if they 
sdfe to do well on the inference task. But conservation is n^^su^f icient 
to solve the task. A quantitative understanding of addition/subtraction is 



also needed. ^ ' . * 

Corri^lations Between Tasks . The final. analysis involved computing 
correlations between all the tasks/ These correlations are listed In 



Tabiar^A. All the' tasks are positively correlate 

^Conclusion . The inference task we. have developed assesses children '-s 

., - \ / 

/ability to infer a transformation from initial and final information about 
relative numerosity. This ability marks/an important applicatdpn of the child' 
knowledge of addition/subtraction. The application of tfhis knowledge involves 
a more explicit understanding of addition/subtraction principles. ba^ed on the 
ability to represent ^information about number algebraically. Correspondingly, 
we have found that {)erformance on the Inference task ^s lawfully relation to 

addition/subtraction and conservation performance. These systematic relation- 

* * * ' ♦ 

ships suggest that it may be useful to ^ocus on identifying general develop- 
mental changes occurring across related areas. Our three-stage sequence is a . 
step in this direction. 
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Tabled - ' 

- Trial Typfe. and Eattern of Performance foy 
/ Addition/Subtraction' Experiments • 

■: . ' ' " ' . - *■'■ ■• ' --^ ■ . 

■ , •. , Trial Type. 



n +1 n+1 +1 .n+2 

• n . * n n 

\- OR- • 

n n-1 -r-l n-2 

n n n 



n-i ; -fl ■ n +1 n+1 



n ^ 'n n 
h+1 x-l,' n rl n-1 



n-2 +1 n^l +1 n 

n" • n n 

OR-"' 
n+2 -1 -n+l -1 



n 



n 



n 



' n 



n 



Primitive 

Qualitatrive 

Quantitative 



correct correct 
correct •correct' 
correct correct 



Incorrect incorrect 
coirr^ct 1^ correct 
correct correct . 



Incorrect incorrect 
incorrect incorrect 
correct , correct 
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Table 2 



Distribution of Performance Levels by Grade' 



on' the Inference Task 



Level for Small Number 



Level for Large Number 



Grade 


. None 


Prim 


Qulal 


Quan 


None 


Prim 


Qual 


Qtfan 




N 


1 


3 


1 , 


4 


• 3 


4 


1 


n 


. 9 


K 


1 


1 ^ 


. 4 


9 


. 6 


1 


3 


5 . 


15- 


• 1 


- 0 


€ . 


9 


15 


6 


6 


. 5 


9 


• 26 


2 


• - 0 


0 


2 


15 


0 


1 


4 


12 


17 




. 2 ^ 


6 


16 


• 44 


• 1^ 


12 - 


13 


27 . 
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Table 3 

* 

Distribution of. Performanoe Levels on Inference Task by 
Performance on the Addition/Subtraction Task 



Addition/Subtraction 
Levei 



Level for Small, Number 
None Prim Qual Quan 



Level for Large Number 
None Prim Qual Quan 



Large Prim 
Large Qual 
.Large Quan 



o; 

2 



1 
1 

4 

' » 



1 0 
6' 8 
10 36 



2 


0 


0 


.0 


6 


5 


3 


3 


8 


7 


10 


24 
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Table 4 

Correlations Between Inference Task, Addition/Subtraction Task,* and* Conservation Task 



Small-Number 
Inference ^ 



Large-Number 
' Inference 



Large 

Addition/Subtraction 



Conservation 
Assessment 1 



Conservation 
Assessment 2 



Small-Number 
Inference 



.42 

(70) 



.34 

^ (69) 



.58 

(71) 



.51 

-(61) 



Large-Number 
Inference 



.36 

(68) 



■ ** 
.55 

(70). 



** 



.43 

(61)' 



Large 

Addition/ Subtraction 



.Conservation 
Assessment 1 



** 



.50 

(70) 



** 



.47 

(60) 



.59 

(62) 



Conservation 
. Assessment 2 



p < .01 



p < .001 
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